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Abstract
(set-
theoretical solutions to the quantum Yang-Baxter equation)
, .
Introduction
[2, 3, 4, 24, 25] , ,
. $V$ $\mathbb{C}$ . (
$)$ $R$ : $V\otimes Varrow V\otimes V$ ,
.
$R^{23}R^{13}R^{12}=R^{12}R^{13}R^{23}$ . (0.1)
, $R^{ij}$ , $V\otimes V\otimes V$
.
$R^{12}=R\otimes id_{V}$ , $R^{23}=id_{V}\otimes R$ .
, ( ) $R$ R-matrix .
$V$ $X$ ,
$X\otimes X:=\{u\otimes v|u,$ $v\in X\}$ $($ 0.2 $)$
. (0.1) $R$ , $X$ , ,
.
$R(X\otimes X)\subset X\otimes X$ .
$(R(u\otimes v)_{1}, R(u\otimes v)_{2}):=R(u\otimes v)(u, v\in X)$ , $R(u\otimes v)_{1},$ $R(u\otimes$
$v)_{2}\in X$ . $X\cross X$
, $R$ .
$R(u, v)=(R(u\otimes v)_{1}, R(u\otimes v)_{2})$ $(u, v\in X)$ .
$R$ (0.1) , $R$ :
$X\cross Xarrow X\cross X$ , (0.3) .
$R^{23}R^{13}R^{12}=R^{12}R^{13}R^{23}$ . (0.3)
1
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, , $R^{ij}$ $F$ $X\cross X\cross X$ .
,
$R^{12}(u, v, w):=(R(u, v), w)$ , $R^{23}(u, v, w):=(u, R(v, w))$ $(u, v, w\in X)$ .
(0.3) .
. , (0.3) (
$)$ $R$ : $X\cross Xarrow X\cross X$ , $V:=\mathbb{C}X=\oplus_{x\in X}\mathbb{C}x$ , $R$
$V\otimes V$ , $R$ (0.1) , R-matrix .
Drinfeld [6] , ( ) $X$
(0.3) ( ) $R$ : $X\cross Xarrow X\cross X$
. (0.1) (matrix solution)
, (0.3) set-theoretical solution ,




, Weinstein-Xu [23] , Gateva-Ivanova [11],
Etingof-Schedler-Soloviev [8], Lu-Yan-Zhu [15] ,
. ,







$h$ Lie $(/\mathbb{C}),$ $h^{*}$ $h$ , $V$ diagonalizable
$h$- . $R(\lambda)$ : $V\otimes Varrow V\otimes V(\lambda\in h^{*})$
[12] , $R(\lambda)$ dynamical
R-matrix .
$R^{23}(\lambda)R^{13}(\lambda+h^{(2)})R^{12}(\lambda)=R^{12}(\lambda+h^{(3)})R^{13}(\lambda)R^{23}(\lambda+h^{(1)})$ $(\forall\lambda\in h^{*})$ .
, $R^{ij}(\lambda),$ $R^{ij}(\lambda+h^{(k)})$ $V\otimes V\otimes V$
.
$R^{12}(\lambda)(u\otimes v\otimes w)=R(\lambda)(u\otimes v)\otimes w$,
$R^{12}(\lambda+h^{(3)})(u\otimes v\otimes w)=R^{12}(\lambda+ wt(w))(u\otimes v\otimes w)$ .




, dynamical R-matrix [9, 10, 14],
(bialgebroid) tensor category [5, 21],
dynamical R-matrix R-matrix (quasi Hopf twister vertex-IRF




(dynamical Yang-Baxter map) [17, 18, 19].
Definition 0.1. $H,$ $X$ , $(\cdot):H\cross Xarrow H$ .
$X\cross X$ $R(\lambda)(\lambda\in H)$
, $R(\lambda)$ $H,$ $X$ , $()$
.
$R^{23}(\lambda)R^{13}(\lambda\cdot X^{(2)})R^{12}(\lambda)=R^{12}(\lambda\cdot X^{(3)})R^{13}(\lambda)R^{23}(\lambda\cdot X^{(1)})$ $(\forall\lambda\in H)$ .
, $R^{12}(\lambda),$ $R^{12}(\lambda\cdot X^{(3)})$ , $X\cross X\cross X$
. $u,$ $v,$ $w\in X$ ,
$R^{12}(\lambda)(u,$ $v,$ $w)=(R(\lambda)(u,$ $v),$ $w)$ ,
$R^{12}(\lambda\cdot X^{(3)})(u,$ $v,$ $w)=R^{12}(\lambda\cdot w)(u,$ $v,$ $w)=(R(\lambda\cdot w)(u,$ $v),$ $w)$ .
. ,








, Lu-Yan-Zhu [15] (
9), unitary condition, vertex-IRF ( 10), invariance
condition (8.3) ( 11) .
1
, Weinstein-Xu [23]
([15, Section 3] ).
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$G=(G, *)$ , unique factorization property
$G+’ G_{-}$ .
(unique factorization property) $g\in G$ , $g=$
$g_{+}*g-$ $G+$ $g+$ $G_{-}$ $g-$ .
, unique factorization property .
$g+\in G+$ $g_{-}\in G_{-}$ , , $g_{+}^{-1},$ $g_{-}^{-1}$ .
, $g_{+}^{-1}$ $(g^{-1})_{+}$ ( $g_{-}^{-1}$ $(g^{-1})_{-}$ ).
, $R$ : $G\cross Garrow G\cross G$
$R(g, h)=((g_{-}^{-1}*h*g-)_{+}^{-1}*g*(g_{-}^{-1}*h*g-)_{+}, g_{-}^{-1}*h*g-)$ $(g, h\in G)$ (1.1)
.
Proposition 1.1. $R$ . ,
$R$ (0.3) .
, ( ) $R$
, Proposition .
2 $G$
, $G$ , .
, Proposition 1.1 .
$G$ , 2 : $G\cross Garrow G$ .
$g\cdot h:=g_{+}*h*g-$ $(g, h\in G)$ .
Proposition 2.1. $(G, \cdot)$ .
Proof. $(G, *)$ $(G, \cdot)$ , , $(G, \cdot)$ $g\in G$
$g_{+}^{-1}*g_{-}^{-1}$ .
$G$ $g^{1},$ $g^{2},$ $g^{3}$ , 2 $()$ ,
$(g^{1}\cdot g^{2})\cdot g^{3}=(g_{+}^{1}*g^{2}*g_{-}^{1})_{+}*g^{3}*(g_{+}^{1}*g^{2}*g_{-}^{1})_{-}$
. $G,$ $G+’ G_{-}$ unique factorization property ,
$(g_{+}^{1}*g^{2}*g_{-}^{1})_{+}=g_{+}^{1}*g_{+}^{2}$ , $(g_{+}^{1}*g^{2}*g_{-}^{1})_{-}=g_{-}^{2}*g_{-}^{1}$
. ,
$(g^{1}\cdot g^{2})\cdot g^{3}=g_{+}^{1}*g_{+}^{2}*g^{3}*g_{-}^{2}*g_{-}^{1}=g^{1}\cdot(g^{2}\cdot g^{3})$ .
, $(G, \cdot)$ . $\square$
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Remark 2.2. , , $g^{-1}$ , , $*$
$g\in G$ .
$R(g, h)\in G\cross G(g, h\in G)$ 1 , , 2 , ,




Proposition 2.3. $g,$ $h\in G$ , $\xi(g)(h)$ $\eta(h)(g)=g$ $h$ .
, $()$ .
Proposition 2.3 . $G\cross G$
$\sigma$ .
$\sigma(g, h)=(\xi(g)(h), \eta(h)(g))$ $(g, h\in G)$ . (2.1)
Proposition 2.3 , $\sigma$ , $(\cdot)$ 1 2
.
, , $\sigma$ $R$ , $G$ $u*v^{-1}*w$




$\lambda$ $G$ , $G\cross G$ $F_{\lambda}$
$F_{\lambda}(g,$ $h)=(\lambda\cdot g,$ $\lambda\cdot g\cdot h)$ $(g,$ $h\in G)$ $($ 3.1 $)$
.
Proposition 3.1. $F_{\lambda}$ . ,
. $(F_{\lambda})^{-1}(g, h)=(\lambda_{+}^{-1}*g*\lambda_{-}^{-1}, g_{+}^{-1}*h*g_{-}^{-1})$ .
Proposition 2.3 , $G\cross G$ $F_{\lambda}\sigma(F_{\lambda})^{-1}$ 2
.
Remark 3.2. 1 , $\lambda$ $G$




$F_{\lambda}$ $\sigma$ ( ) ,
,




$S$ : $G\cross G\cross G\ni(u, v, w)\mapsto(u, u*v^{-1}*w, w)\in G\cross G\cross G(3.4)$
.
Proposition 3.3. 3 .
(1) $S(\lambda)^{12}SS(\lambda)^{12}=SS(\lambda)^{12}S$ $(\forall\lambda\in G)$ .
(2) $\sigma^{12}\sigma^{23}\sigma^{12}=\sigma^{23}\sigma^{12}\sigma^{23}$.
(3) $R$ .
Proof. $\sigma$ (2.1) , (2) (3) .
(1) (2) . $G\cross G\cross G$
$\overline{F}_{\lambda}(u, v, w)=(\lambda\cdot u, \lambda\cdot u\cdot v, \lambda\cdot u\cdot v\cdot w)$ $(\lambda, u, v, w\in G)$
. ,
$\overline{F}_{\lambda}\sigma^{12}(\overline{F}_{\lambda})^{-1}=S(\lambda)^{12}$ , $\overline{F}_{\lambda}\sigma^{23}(\overline{F}_{\lambda})^{-1}=S$
. , (1) (2) . $\square$
(3.2), (3.4) , Proposition 3.3 (1)
( ). , Proposition
$R(1.1)$ . , Proposition 1.1
.
4 .
Proposition 1.1 , $G$ $*$
$u*v^{-1}*w$ , $S,$ $S(\lambda)$ , (0.3)
.
, $S,$ $S(\lambda)$ Proposition 3.3 (1) ,
, (0.3)
. , (1) , $G$ $*$
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, Remark 3.2 $F_{\lambda}$ . ,
.
5 $u*v^{-1}*w$ 3
, Proposition 3.3 (1) , $G$ $u*$
$v^{-1}*w(u, v, w\in G)$ 3 . ,
[18, Section 3].
$M=(M, \mu)$ ternary system . , $M$ 3 (ternary
operation) $\mu$ : $M\cross M\cross Marrow M$ , . $M$ $a$
, $s(a)$ : $M\cross Marrow M\cross M$ , $s$ : $M\cross M\cross Marrow M\cross M\cross M$
,
$s(a)(x, y)=(\mu(a, x, y), y)$ , (5.1)
$s(x, y, z)=(x, \mu(x, y, z), z)$ $(x, y, z\in M)$ .
. $s(a),$ $s$ , $S(\lambda)(3.3),$ $S(3.4)$ .
Proposition 5.1. .
(1) $s(a)^{12}ss(a)^{12}=ss(a)^{12}s$ $(\forall a\in M)$ .
(2) $\mu(a, \mu(a, b, c), \mu(\mu(a, b, c), c, d))=\mu(a, b, \mu(b, c, d))$ ,
$\mu(\mu(a, b, c), c, d)=\mu(\mu(a, b, \mu(b, c, d)), \mu(b, c, d), d)$ $(\forall a, b, c, d\in M)$ .
Proof. (1) 1, 2 (2) . (1) 3
, Proposition . $\square$
$M$ , $*$ : $M\cross Marrow M$ ,
$\mu(a, b, c)=a*b^{-1}*c(a, b, c\in M)$ $M$ 3 $\mu$ .
, $\mu$ (2) (Proposition 3.3 ).
6 $F_{\lambda}$




Definition 6.1. 2 $()$ : $L\cross Larrow L$ $L$
, $L=$ $(L, \cdot)$ left quasigroup .
$u\in L$ , ( )u. : $L\in v\mapsto u\cdot v\in L$
.
$L=(L, \cdot)$ left quasigroup . , $u\cdot$ : $Larrow L$
. $u\backslash$ .
$u\backslash :L\ni v\mapsto u\backslash v\in L$ .
, $u\cdot(u\backslash v)=u\backslash (u\cdot v)=v(\forall u, v\in L)$ .
Example 6.2. left quasigroup .
Example 6.3. $Q_{5}$ $Q_{5}=\{0$ ,1,2,3,4 $\}$ , $Q_{5}$ 2 $()$
Table 1 . , $0\cdot 2=2$ . $Q_{5}$ , Table 1
Table 1: $Q_{5}$
1 , 1 , $Q_{5}=$ $(Q_{5}, \cdot)$ left
quasigroup .
Remark 6.4. left quasigroup 2 , ,
. , $Q_{5}$ 2 . , $($ 1 $\cdot 2)\cdot 3=$
$1\neq 4=1$ (23). , left quasigroup ( )
.
$L=(L, \cdot)$ left quasigroup . $\lambda\in L$ , $f_{\lambda}$ : $L\cross Larrow L\cross L$
$f_{\lambda}(u, v)=(\lambda\cdot u, (\lambda\cdot u)\cdot v)$ $(u, v\in L)$
[18, Section 3]. Proposition 3.1 .
Proposition 6.5. $f_{\lambda}$ . ,
$(f_{\lambda})^{-1}(u,$ $v)=(\lambda\backslash u,$ $u\backslash v)$ $(u,$ $v\in L)$ .
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, $L$ $M$ .
$\pi$ : $Larrow M$ . , $M$ 3 $\mu$ Proposition5.1
(2) .
$\lambda,$ $u,$ $v\in L$ $\xi_{\lambda}(u)(v),$ $\eta_{\lambda}(v)(u)\in L$
$(\xi_{\lambda}(u)(v), \eta_{\lambda}(v)(u))=(f_{\lambda})^{-1}(\pi^{-1}\cross\pi^{-1})s(\pi(\lambda))(\pi\cross\pi)f_{\lambda}(u, v)$












Proposition 7.1. $R(\lambda)$ .
$R^{23}(\lambda)R^{13}(\lambda\cdot L^{(2)})R^{12}(\lambda)=R^{12}(\lambda\cdot L^{(3)})R^{13}(\lambda)R^{23}(\lambda\cdot L^{(1)})$ $(\forall\lambda\in L)$ .
$R^{12}(\lambda)$ , $R^{12}(\lambda L^{(3)})$ Definition 0.1 .
Definition 0.1 , , $L,$ $L$ , $()$
.
Proposition , Proposition 3.3 [18, Section
3 $]$ .
Remark 7.2. $R(\lambda)$ $\lambda$
, $R:=R(\lambda)$ (0.3) .





5 7 , .
, , 5 7
.
, , ,
, [18, Theorem 4.7].
$L=(L, \cdot)$ left quasigroup, $M=(M, \mu)$ Proposition 5.1 (2)
ternary system . , ,
$\pi$ : $Larrow M$ .
$L\cross L$ $R(\lambda)(\lambda\in L)$
$R(\lambda)(u, v)=(\eta_{\lambda}(v)(u), \xi_{\lambda}(u)(v))$ ,
$\xi_{\lambda}(u)(v)=\lambda\backslash \pi^{-1}(\mu(\pi(\lambda), \pi(\lambda\cdot u), \pi((\lambda\cdot u)\cdot v)))$ , (8.1)
$\eta_{\lambda}(v)(u)=(\lambda\cdot\xi_{\lambda}(u)(v))\backslash ((\lambda\cdot u)\cdot v)$. (8.2)
.
.




$(\lambda\cdot\xi_{\lambda}(u)(v))\cdot\eta_{\lambda}(v)(u)=(\lambda\cdot u)\cdot v$ $(\forall\lambda, u, v\in L)$ (8.3)
invariance condition , Proposition 2.3 .
Theorem 8.1 . $L=$ $(L, \cdot)$ left quasigroup, $R(\lambda)$
$(\lambda\in L)$ , invariance condition (8.3) $L,$ $L$ , $()$
. $\eta_{\lambda}(v)(u),$ $\xi_{\lambda}(u)(v)(\lambda, u, v\in L)$
.
$(\eta_{\lambda}(v)(u), \xi_{\lambda}(u)(v))=R(\lambda)(u, v)$ .
Theorem 8.2. Theorem 8.1 $R(\lambda)$ ternary
system $M=(M, \mu)$ , $\pi$ : $Larrow M$ .
, ,
$M=(L, \mu_{L})$ ,






$L=(L, \cdot),$ $G=(G, *)$ , $\theta$ $L$ Aut $(G)$
. $L$ $G$ ( ) $\pi$ , $\pi$
bijective l-cocycle .
$\pi(u\cdot v)=\pi(u)*\theta(u)(\pi(v))$ $(u, v\in L)$ . (9.1)
Lu-Yan-Zhu [15] , bijective l-cocycle
. , Theorem 8.1
bijective l-cocycle [18, Section 2]. $\prime J+_{\backslash \Pi}^{\pm}$ , bijective l-cocycle
.
5 ,
Proposition 9.1. $G$ 3 $\mu_{G}:G\cross G\cross G\ni(x, y, z)\mapsto x*y^{-1}*z\in G$
, Proposition 5.1 (2) .
Theorem 8.1 , $L=(L, \cdot)$ $\pi$ : $Larrow G$ , ternary
system $(G, \mu_{G})$ , $R(\lambda):L\cross Larrow L\cross L$
.
$L$ $u$ , $\theta(u)$ : $Garrow G$
$\theta(u)(x)=\pi(u)^{-1}*\pi(u\cdot\pi^{-1}(x))$ $(x\in G)$
.
Remark 9.2. $\theta(u)$ , $\pi(u\cdot\pi^{-1}(x)))=\pi(u)*\theta(u)(x)$
. $\pi$ , , (9.1)
.
Proposition 9.3. $\theta(u)$ . , $\theta(u)^{-1}(x)=$
$\pi(u\backslash L\pi^{-1}(\pi(u)*x))$ .
(8.1) ,
Proposition 9.4. $\xi_{\lambda}(u)(v)=\pi^{-1}\theta(\lambda)^{-1}\theta(\lambda\cdot u)\pi(v)(\lambda, v\in L)$ .
, $\theta$ : $Larrow$ Aut $(G)$ . ,
$\pi$ : $Larrow G$ bijective l-cocycle . , , Proposition
94, (8.2), $L$ ,
$R(\lambda)$ $\lambda$ . , $R(\lambda)$
(Remark 7.2).
, Weinstein-Xu , Lu-Yan-





, left quasigroup $L=(L, \cdot)$ , ternary system $M=(M, \mu)$ .




$s(a)(5.1)$ , ternary operation $\mu$
). ([18, Section 7]),
Proposition 10.1. $P:L\cross Larrow L\cross L$ $P(u, v)=(v, u)(u, v\in L)$
. $(L, M, \pi)$ $R(\lambda)$
unitary condition
$R(\lambda)PR(\lambda)=P$ $(\forall\lambda\in L)$
, ternary opemtion $\mu$
$\mu(a, \mu(a, b, c), c)=b$ $(\forall a, b, c\in M)$ (10.1)
.
ternary system $M$ , ternary operation $\mu$ $\mu_{M}$ (Proposition
9.1) , (10.1) , $M$ .
, 9 bijective l-cocycle
unitary condition , $G$






, R-matrix R-matrix fusion matrix
vertex-IRF .
,
, vertex-IRF [18, Section 8].
11 invariance condition





, invariance condition [19].
$R(\lambda)$ dynamical R-matrix (Introduction ). , dynam-
ical R-matrix , weight-zero condition [10].
$u,$ $v\in V$ weight basis ,
$R(\lambda)(u\otimes v)\in V_{wt(u)+wt(v)}$ .
, $V_{\alpha}(\alpha\in h^{*})$ , weight $\alpha$ .
Introduction R-matrix
, dynamical R-matrix $R(\lambda)$ $V\otimes V$ weight basis $X\otimes X(0.2)$
. , weight-zero condition
.
wt $(R(\lambda)(u\otimes v)_{1})+$ wt $(R(\lambda)(u\otimes v)_{2})=$ wt $(u)+$ wt $($ v $)$
$(R(\lambda)(u\otimes v)_{1}\otimes R(\lambda)(u\otimes v)_{2}:=R(\lambda)(u\otimes v))$ .
, ,
$\lambda+$ wt $(R(\lambda)(u\otimes v)_{2})+$ wt $(R(\lambda)(u\otimes v)_{1})=\lambda+$ wt $(u)+$ wt $($ v $)$ $($ 11.1 $)$
.
$H$ $h^{*}$ , $()$ : $H\cross Xarrow H$ $\lambda\cdot u:=\lambda+$ wt $(u)$ .
, dynamical R-matrix $R(\lambda)$ .
$R(\lambda)$ : $X\cross X\ni(u, v)\mapsto(R(\lambda)(u\otimes v)_{1}, R(\lambda)(u\otimes v)_{2})\in X\cross X$.
$R(\lambda)$ , (11.1) ,
invariance condition
$(\lambda\cdot R(\lambda)(u, v)_{2})\cdot R(\lambda)(u, v)_{1}=(\lambda\cdot u)\cdot v$ $(\forall\lambda\in H, u, v\in X)$
$((R(\lambda)(u, v)_{1}, R(\lambda)(u, v)_{2}):=R(\lambda)(u, v))$
. , in-
variance condition , dynamical R-matrix weight-zero condition
.
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